Abstract-We study the optimal, in terms of power-limited outage probability (OP), placement of the relay and investigate the effect of relay placement on the optimal cooperation mode of the source and the relay nodes. Using hybrid automatic repeat request (HARQ) based relaying techniques, general expressions for the OP and the average transmit power are derived. The results are then particularized to the repetition time diversity (RTD) protocol. The analytical expressions are used to find the transmit powers minimizing the power-limited OP. Our results demonstrate that adaptive power allocation reduces the OP significantly. For instance, consider a Rayleigh fading channel, an OP of 10 −3 and a maximum of 2 RTD-based retransmissions. Then, compared to equal power allocation, the required transmission signal-to-noise ratio (SNR) is reduced by 5 dB, if adaptive power allocation is utilized. Moreover, depending on the relay positions and the total power budget, the system should switch between the single-node transmission mode and the joint transmission mode, in order to minimize the outage probability.
I. INTRODUCTION
The raised user expectations of quality of service and the rapid growth of the data traffic impose a great challenge for the design of future wireless communication networks. One widely acknowledged cost-and energy-efficient solution is to densely deploy low-power access points coexisting with the traditional macro base stations, a concept named heterogeneous dense networks [1] . This approach offloads traffic from macro base stations and reduces the average distance between users and transmitters, leading to higher system reliability and, potentially, energy efficiency.
The performance of heterogeneous dense networks highly depends on the cooperation schemes between the access points and the base station, as well as the placement of the access points in the network. In this paper, we investigate the above two problems by considering a relay-assisted cooperative system using HARQ, in which the relay nodes can be interpreted as the access points, and the source node can be mapped to a base station. Note that HARQ-based relaying only requires statistical knowledge of the channel and adaptive feedback bits, and it does not need instantaneous channel state information (CSI) at transmitters, which is challenging to obtain in dense networks.
For HARQ-based relaying techniques, relay-assisted cooperative transmission can be divided into two categories, namely, Single-Node Transmission (SNT) and multi-node Joint Transmission (JT). In the SNT mode, only one node (either the source or the relay) is active in each retransmission round. In the JT mode, once the relay decodes the data correctly, the source and the relay use, e.g., distributed space-time coding to provide joint retransmission to the destination. The performance of HARQ-based relaying was investigated in [2] - [7] and in [8] - [13] , considering the SNT mode and the JT mode, respectively. However, it is not clear which cooperation mode is better. Moreover, most existing works assume that all nodes have fixed powers for each (re)transmission round [4] - [13] . Retransmission power adjustment was investigated in [2] to improve the energy efficiency for basic HARQ schemes. However, the results in [2] are limited to the SNT mode.
Motivated by the above discussion, we hereafter study a cooperation mode switch in HARQ-based relaying using adaptive power allocation. OP is minimized under a total power constraint, which represents an important design factor as for the case of future green communications. The contributions of this paper are as follows:
• General expressions for the OP and the average total transmit power are derived, which apply to different HARQ-based relay networks with arbitrary transmit powers. The results are then particularized to the RTD protocol.
• Retransmission power adjustment is used for minimizing the power-limited OP. We demonstrate that, compared to equal power allocation, with an OP of 10 −3 and a maximum of 2 retransmissions, the average SNR is reduced by 5 dB in RTD-based relaying if adaptive power allocation is utilized. Depending on the channel conditions and the total power budget, switching between the SNT mode and the JT mode is the optimal way for minimizing the OP.
• The optimal placement of the relay and the effect of the relay position on the optimal cooperation mode are investigated. We show that, in order for minimizing the power-limited OP the optimal relay position with equal power allocation is closer to the source. On the contrary, when performing adaptive power allocation, the optimal relay position is closer to the destination.
II. SYSTEM MODEL
We consider a relay-assisted cooperative communication system comprising one source (S), relay (R) and destination node (D), as illustrated in Fig. 1 coefficients of the S-to-R link, the R-to-D link, and the S-to-D link, respectively. Correspondingly, we define the channel gains as g ϑ |h ϑ | 2 with ϑ = {sr, rd, sd}. It is assumed that the channels are quasi-static, that is, the channel coefficients remain constant within a transmission block of L c channel uses, generally determined by the channel coherence time, and then change independently from one block to another according to their probability density functions (PDF). An HARQ-based retransmission protocol is utilized with a maximum of M retransmission rounds, i.e., each codeword is (re)transmitted a maximum of M + 1 times. Targeting for low-mobility users, the block length L c is assumed to be long such that all retransmission rounds occur in a single fading block. Define a packet as the subcodeword transmitted within a transmission block. Thus, the fading coefficients do not change during a packet period, and change independently from one packet to another. Moreover, the channel coefficient of each link is assumed to be perfectly known by it corresponding receiver. However, the transmitter of each link has no instantaneous CSI, except for the HARQ feedback bits. It should be pointed out that, while we study the quasi-static model, it is not a necessary assumption and as shown in [14] , there are mappings between the performance of HARQ protocols in quasi-static and fast-fading conditions.
In each transmission block, S starts transmitting data to both R and D. If the data is successfully decoded by D, an acknowledgment (ACK) is fed back from D to both S and R, then the retransmissions stop. Otherwise, D feeds back a negative-acknowledgment (NACK). R becomes active and feeds back an ACK to S, as soon as it decodes the source message before D. Once R is active, S and R provide joint data transmission to D, and the data transmission continues until the data is correctly decoded by D or the maximum number of retransmissions is reached. Based on the feedback bits (ACK/NACK signals) from R and D, the nodes S and R adapt their transmit powers so as to improve the OP. Note that, although the cooperation protocol allows joint transmission by S and R, it may be optimal to keep the S off when the R decodes the data correctly.
III. PROBLEM FORMULATION
The following notation is used throughout the paper.
• Q denotes the total number of information nats transmitted in each packet.
• l represents the subcodeword length in each (re)transmission round. Thus, r Q/l (in natsper-channel-use) gives the initial codeword rate.
• P s i1 and P s i2 denote the transmit power from S at the i-th round when R is inactive and active, respectively.
• P r i is the transmit power from R at the i-th round.
• Pr {A m } denotes the probability of the event that the data is successfully decoded by D at the end of the m-th (re)transmission round while it was not decodable before. In this case, the subcodewords may have been sent by S only or by S and R jointly.
• Pr {A m,m } denotes the probability of the event that D successfully decodes the data at the end of the mth (re)transmission round (and not before), when the codeword is only sent by S, i.e. R is inactive in rounds 1, ..., m. Pr {A m,n } is the probability of the event that D successfully decodes the data at the end of the m-th (re)transmission round (and not before), when R is active in rounds n + 1, . . . m, with n < m.
• Pr {B n } is the probability of the event that the data is successfully decoded by R at the end of the n-th (re)transmission round while it was not decodable before.
• Pr {S m } is the probability of the event that data transmission stops at the end of the m-th (re)transmission round. In this case, either the maximum (re)transmission number, M + 1, is reached, or the data is decoded by D. According to the definitions,
Our objective is to minimize the OP subject to an average total transmit power constraint ϕ tot . The target optimization problem can be written as
where ψ denotes the OP and ϕ is the average total transmit power from S and R. In order to formulate the optimization problem, we first derive general expressions for ψ and ϕ.
A. Outage Probability
The OP ψ is defined as the probability that D cannot decode the data until the (re)transmission is stopped, that is,
Substituting (1) into (4), we get
B. Average Transmit Power
The average total transmit power is defined as [15] 
whereĒ s andĒ r are the average energy of S and R, averaged over many packet transmissions, respectively. Also,L is the expected number of channel uses within each packet transmission period. If data transmission stops at the m-th round, the total number of channel uses is ml. Therefore, the expected number of channel uses in each packet period is
Next, we derive the expression forĒ r . If R correctly decodes the data at the end of the n-th round and data transmission stops at the end of the m-th round with n < m (an event denoted by B n &S m ), the total energy consumed by R is
Hence, the consumed energy of the R is a random variable given by
According to the definition,
Therefore, the expected energy consumed by R is
The same procedure is applied to deriveĒ s . If data transmission stops at the end of the m-th round while the codeword is only sent by S, the total energy consumed by S is
If data transmission stops at the end of the m-th round while the codeword is jointly transmitted by S and R in rounds n + 1, . . . m, the total energy consumed by S is
i2 l for n < m and m = 2, . . . , M + 1. Thus, the consumed energy of the S is a random variable given by
Therefore, the expected energy consumed by S is
Substituting (7), (10) and (11) into (6), and noting that ψ can be expressed by (5), the average total transmit power is obtained as
where
) .
It should be pointed out that the expressions for the OP and the average total transmit power, given in (5) and (12) respectively, are general for all HARQ protocols. The difference between different HARQ protocols and fading models is in the probability terms Pr {A m,m }, Pr {A m,n } and Pr {B n }. In the following, as an example, we particularize the general problem formulation (3) to the RTD protocol. The same method can be applied for other HARQ protocols such as incremental redundancy and basic HARQ.
IV. PERFORMANCE ANALYSIS FOR THE RTD PROTOCOL
From (3), it can be seen that, in order to formulate the optimization problems for the classical RTD protocol, we need to represent the probabilities (Pr {A m,m }, Pr {A m,n } and Pr {B n }) as functions of P for ϑ = {sr, rd, sd}, wherē g ϑ is the expected channel gain determined by the pathloss and shadowing between the corresponding nodes. The noise powers at R and D are set to 1.
In the RTD protocol, the same subcodeword is (re)transmitted in each round, and the received signals are combined by the receiver (R and D) using maximum ratio combining. Therefore, the received SNR at R after the n-th (re)transmission round increases to
and the data rate reduces to r n , where r is the initial codeword rate defined in Section II. The data is successfully decoded by R at the end of the n-th round (and not before) if . Hence, the probability that R decodes the data at the end of round n, Pr {B n }, is
The received SNR at D after the m-th (re)transmission round depends on whether the data is only sent by S or not. If R does not decode the data before the m-th round, the received SNR is
On the other hand, if R decodes the data at the end of n-th round, n < m, then S and R will provide joint transmission to D in rounds n + 1, . . . , m. Thus, the received SNR increases to
Therefore, the probabilities Pr {A m,m } and Pr {A m,n } are found as
and
respectively, where
C2
, otherwise
Substituting the probability terms Pr {A m,m }, Pr {A m,n } and Pr {B n } into (5) and (12), closed-form expressions for the OP and the average total transmit power, i.e., the optimization parameters of problem 3, are derived for the considered RTD protocol, as functions of P 
V. SIMULATION RESULTS AND DISCUSSIONS
In this section, we evaluate the performance of the RTDbased relaying with adaptive power allocation under powerlimited conditions. The optimization problem is nonconvex in general and difficult to solve [9] . However, our analytical expressions obtained in Sections III and IV make it possible to find the (sub)optimal power allocation solutions and evaluate the system performance numerically. As the problem is nonconvex, we cannot guarantee that our results are globally optimal. For this reason, we have checked our results with different methods such as the iterative algorithm of [16] , and the "fminsearch" and "fmincon" functions of MATLAB. In all cases, the same results are obtained which is an indication of a reliable result. The performance of the optimal adaptive power allocation schemes are compared with an equal power allocation scheme where
A. On the Impact of Adaptive Power Allocation 1) Outage Probability Analysis:
The OP of the RTD-based relaying system is plotted in Fig. 2 as a function of the average total transmit power for M = 1 and M = 2 retransmissions, i.e., 2 and 3 (re)transmissions. We see that, compared to the equal power allocation scheme, adaptive power allocation reduces the OP considerably when the total transmit power budget is large. Moreover, for a given average total transmit power, increasing the number of retransmissions M leads to substantial outage performance gain for the adaptive power allocation scheme. For instance, consider an OP of 10 −3 and a maximum of 2 RTD-based retransmissions. Then, compared to equal power allocation, the required transmission SNR is reduced by 5 dB, if adaptive power allocation is utilized. This is because with more number of retransmissions R gets more involved and the good characteristics of R-to-D link are properly exploited.
2) Cooperation Mode Switch: Figure 3 investigates the cooperation mode switch with adaptive power allocation for the RTD-based relaying. The optimal power values are plotted as a function of ϕ tot . The expected channel gains are set tō g sd = 0.5 andḡ sr =ḡ rd = 1. From Fig. 3 we see that P s 22 = 0 when ϕ tot is small. When ϕ tot > 6dBm, P s 22 becomes larger than zero and it increases as ϕ tot increases. This implies that when the total transmit power budget is small, the SNT mode is optimal for the RTD-based relaying. As the total transmit power becomes large, the RTD-based relaying system should switch to the JT mode in order to minimize the OP. Moreover, as anticipated, when R is active, the transmit power from the R node is always larger than the transmit power from the S, i.e., P r 2 > P s 22 . This is because, with the considered values of λ sr , λ rd and λ sd , the R-to-D channel has a better average channel characteristics compared to the S-to-D channel, i.e., g rd >ḡ sd . This point is summarized in Theorem 1 as follows. 
Theorem 1:
Under an average total transmit power constraint, there exist a threshold ϕ th , such that the SNT mode is optimal in terms of OP if ϕ tot < ϕ th . On the other hand, when ϕ tot ≥ ϕ th , the JT mode becomes the optimal cooperation mode in terms of outage-limited average power.
Proof: The proof follows from the same concept as in the water-filling technique where the better channels receive more power. Without loss of generality, we assume that g rd >ḡ sd , i.e., the R-to-D channel has a better average channel characteristics than the S-to-D channel. Then, once R decodes the data, it is always better to allocate more transmit power to R (i.e., the node which is more likely to see a better channel to the D). When the total power budget ϕ tot is small, the waterlevel is low. Thus, all the transmit power will be allocated to R, while the transmit power from S (i.e., the node associated to the weaker channel) is zero. As the total power budget ϕ tot increases, the water-level increases. Therefore, both R and S become active and the relay network exploits the cooperative diversity. In this case, the JT mode becomes optimal in order to achieve better diversity gain.
B. On the Impact of the R Position
We consider a setup where R is located on the line between S and D. The position of R is identified by the ratio δ Here, we set β sr = β sd = β rd = 3, α sr = α sd = α rd and g sd = 1. We consider the RTD-based relaying with M = 1 and r = 1. The (re)transmission powers for each node are optimized to minimize the OP P out , subject to an average total power constraint ϕ tot = 10dBm. 1) Outage Probability Analysis: Figure 4 illustrates the OP as a function of the distance ratio. It can be seen that, compared to equal power allocation, adaptive power allocation can reduce the OP substantially, especially when the distance ratio is large, i.e., when R is placed closer to D. We also observe that there exists an optimal relay position that minimizes the OP. The optimal relay position with equal power allocation is closer to S. While when performing adaptive power allocation, the optimal relay position is closer to D. This observation is intuitive, since as the distance ratio δ increases, i.e., when the R moves towards the D, the R-to-D link becomes much better than the S-to-D link on average. Thus, once the R decodes the data, the system should switch to the SNT mode, i.e., the S should be switched off while all power should be allocated to the R (see Fig. 4 ). For the equal power allocation scheme, the transmit powers allocated to the S and R are always the same, thus, the optimal relay position should be closer to S, in order to gain more benefits from the S-to-D link.
2) Cooperation Mode Switch: Finally, we investigate the effects of R position on the cooperation mode selection. Figure 5 plots the optimal transmit powers, P s 22 and P r 2 , of the adaptive power allocation scheme and the power values of the equal power allocation scheme used in Fig. 4 . We see that when δ ≥ 0.8, P s 22 becomes zero, i.e., S stops retransmission when R is active. This implies that when the average channel gain difference between R-to-D link and S-to-D link,ḡ rd −ḡ sd , is small, the JT mode is optimal. However, asḡ rd −ḡ sd becomes large, the system should switch to the SNT mode in order to minimize the OP.
VI. CONCLUSION
In this paper, cooperation mode switch was investigated in relay-HARQ networks by using adaptive power allocation. In particular, analytical expressions for the OP and the average total transmit power have been derived for the RTD protocol. Retransmission power adjustment is used for minimizing the OP of the network, subject to an average total transmit power constraint. We showed that adaptive power allocation can significantly reduce the OP. Moreover, it is always better to select the SNT mode when the total power budget is low, or when the average channel gain difference between the R-to-D link and the S-to-D link is large. However, as the total transmit power increases or the average channel gain difference decreases, the system should switch to the JT mode. Finally, the optimal cooperation mode is remarkably affected by the relay position.
